Abstract. We consider 9 natural tightness conditions for topological spaces that are all variations on countable tightnes and investigate the interrelationships between them. Several natural open problems are raised.
Introduction
A space X has countable tightness, or is countably tight, if its topology is determined by its countable subsets in the following sense: if x ∈ X is in the closure of a subset A of X then it is in the closure of some countable subset of A. Every sequential space is countably tight and so is every locally countable space. The statement that countably tight compact Hausdorff spaces are sequential is independent of the usual axioms of set theory. We refer to Tkachuk [14] for information about the importance of the concept of countable tightness in function spaces.
In Arhangel'skii and Stavrova [1] an interesting variation on the notion of countable tightness was considered. They call a space σ-compact tight if its topology is determined, in the above sense, by its σ-compact subspaces. It was shown in [1] that for compact Hausdorff spaces σ-compact tightness is actually equivalent to countable tightness. Their obvious question whether this in fact holds true for all Tychonoff spaces turned out to be quite an interesting and difficult problem that remains unsolved. For some partial results on this problem see Dow and Moore [6] .
Inspired by these results we define and study several tightness conditions here that are in the same spirit. These concepts generalize in an obvious way from the countable to higher cardinals. But we will not consider them now, we will stick strictly to the countable case.
We shall consider the following properties P that a subspace of a topological space might have:
ωD Countable discrete; ωN Countable and nowhere dense; C 2 Second-countable; ω Countable; hL Hereditarily Lindelöf; σ-cmpt σ-compact; ccc The countable chain condition; L Lindelöf; wL Weakly Lindelöf.
We call a space P-tight, if for all x ∈ X and A ⊆ X such that x ∈ A, there exists B ⊆ A such that x ∈ B and B has property P.
It is clear that if property P implies property Q then every P-tight space is Q-tight. Assume that the property P that we are interested in is inherited by dense subspaces. Since every space contains a left-separated dense subspace (Juhász [9] ), it follows that P-tightness and Q-tightness coincide, where Q is the property of being both P and leftseparated. This observation helps to narrow down the number of properties to consider. For example, missing in our list is the property S of having countable spread. We left it out because for every space X we have that X is S -tight if and only if X is hL-tight. To see this, simply observe that every left-separated space of countable spread is hereditarily Lindelöf (Juhász [9, 2.12] ).
We also note that, as second countable spaces are separable, the property ωC 2 -tight is equivalent to C 2 -tight and hence is also left out.
The aim of this note is to investigate the interrelationships of these tightness conditions and to raise some open problems. An analogous study of variations of ω-boundedness was carried out in Juhász, van Mill and Weiss [10] and Juhász, Soukup and Szentmiklóssy [11] . To our surprise it turned out that the natural concept of Lindelöf-tightness is mysterious and difficult. It is not known to us, for example, whether every L-tight space is hL-tight, or ccc-tight.
What we do know and do not know about the above tightness conditions is summarized in the following diagram:
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Proofs
Discrete subsets of crowded spaces are nowhere dense. Hence the implication ωD-tight =⇒ ωN-tight indeed holds true for crowded spaces. All other implications in the above diagram need no further explanation. So we concentrate on describing counterexamples that demonstrate that certain implications cannot be reversed. But before we do that, we will point out that one of the problems that we were unable to settle is equivalent to the problem of Arhangel'skii and Stavrova that we discussed in §1.
Lemma 2.1. For any Hausdorff space X, the following statements are equivalent:
(1) X is countably tight.
(2) X is both σ-cmpt-tight and hL-tight.
Proof. We only need to prove that (2) implies (1). To this end, pick an arbitrary x ∈ X, and let A ⊆ X be such that x ∈ A. We may clearly assume without loss of generality that A is left-separated, σ-compact and hL. Every compact Hausdorff and left separated space is scattered by Juhász and Gerlits [8, Theorem 1] and every scattered hL-space is countable. Hence A is countable, being the countable union of countable sets.
Corollary 2.2. The following statements are equivalent:
(1) Every σ-cmpt-tight Hausdorff space is countably tight.
(2) Every σ-cmpt-tight Hausdorff space is hL-tight.
Hence the two open problems in the middle part of our diagram are indeed equivalent.
We now turn to describing our counterexamples exemplifying the non-arrows in our diagram. They are all Tychonoff. Formally, our tightness conditions are defined for all topological spaces, no separation axioms are implicitly needed in their definitions. But we want our counterexamples to be nice, so from now on we will assume that all topological spaces are Tychonoff.
Remote points will play an important role in their constructions. A remote point of a topological space X is a point p ∈ βX \ X, where βX is theČech-Stone compactification of X, such that for every nowhere dense subset A of X, p ∈ CL βX A. Van Douwen [2] proved that all non-pseudocompact spaces of countable π-weight have remote points, a result that was subsequently generalized by Dow [5] who proved the same result for the class of all non-pseudocompact ccc-spaces of π-weight at most ω 1 . Not all non-pseudocompact spaces have remote points, as was shown by van Douwen and van Mill [4] . Example 2.3. A crowded C 2 -tight space which is not ωN-tight, hence not ωD-tight either.
Fix a remote point p of Q, the space of rational numbers, and put X = Q∪{p} considered as a subspace of βQ. Then X is clearly as required. Example 2.4. A crowded countable, hence ω-tight, space which is neither ωN-tight, nor C 2 -tight.
A space X is called nodec if all of its nowhere dense subsets are closed. This clearly implies that all of its nowhere dense subsets are actually closed and discrete. Van Douwen constructed a countable and crowded nodec space X in [3] . But every second-countable subspace of a crowded nodec space is discrete because it cannot contain a non-trivial convergent sequence, hence X is the example we are after. In fact, X is neither ωN-tight, nor C 2 -tight at any of its points.
To obtain our next example, we introduce a generalization of the well-known Alexandroff duplicate construction. Let X be any space and fix a pairwise disjoint collection Y = {Y x : x ∈ X} of (nonempty) topological spaces such that X ∩ Y = ∅ and consider the set It is also easy to check that Z(X, Y ) is Tychonoff, provided that X and all the Y x are. Its topology is inspired by the Alexandroff duplicate of X where each x ∈ X corresponds to a specific isolated point, its duplicate. That point is simply "blown up" to the space Y x . Lemma 2.5. If X is countably tight, moreover X and all the Y x are crowded, then the space Z(X, Y ) is ωN-tight at every point of X.
Proof. Fix a point p in X, and let A be any subset of Z(X, Y ) such that p ∈ A. We may assume without loss of generality that p ∈ A. If p ∈ A ∩ X then we are done since X is a countably tight and nowhere dense in Z. Hence we may assume without loss of generality that
Consider the projection map π : Y → X defined by π(y) = x for y ∈ Y x . It is clear from the definitions that π is continuous, hence we have p ∈ π[A]. Thus there is a countable subset S ⊆ π[A] with p ∈ S. Clearly, we may assume that p / ∈ S. For every x ∈ S we may fix an element b(x) ∈ A ∩ Y x . The set B = {b(x) : x ∈ S} is countable and nowhere dense in Z(X, Y ). To see this, simply observe that every Y x is crowded.
We claim that p is in the closure of B. To prove this, consider any basic open neighborhood W (p, U) of p in Z(X, Y ), where U is an open neighborhood of p in X. But then S ∩ U = ∅, and for every x ∈ S ∩ U we clearly have that b(x) ∈ W (p, U) ∩ B. Example 2.6. An ωN-tight space which is not ωD-tight.
We again consider the space of rational numbers Q, and fix a remote point p of Q. Put X = Q ∪ {p}, and in the above construction consider a pairwise disjoint collection of spaces Y = {Y x : x ∈ X}such that X ∩ Y = ∅ and each Y x is a topological copy of Q. We claim that the space Z(X, Y ) with the topology that we just discussed is the space we are looking for. That Z(X, Y ) is not ωD-tight is clear since p, being remote, is not in the closure of any countable discrete subset of Q. Observe that Z(X, Y ) \ {p} is homeomorphic to Q, being a countable crowded second-countable space. Hence to prove that Z(X, Y ) is ωN-tight, we only need to check this at the point p. But this is a straight forward consequence of Lemma 2.5.
Since countable discrete spaces are second countable, the following example is actually a strengthening of the previous one.
Example 2.7. An ωN-tight space which is not C 2 -tight.
Let X be the countable nodec space from Example 2.4. To apply the above duplicate construction, consider a pairwise disjoint collection Y = {Y x : x ∈ X} of spaces such that X ∩ x∈X Y x = ∅ and each Y x is a topological copy of Q. We claim that Z(X, Y ) is the space which we are looking for. That Z(X, Y ) is ωN-tight is a consequence of Lemma 2.5 and the fact that its subspaces Y x for x ∈ X are clopen and ωN-tight.
Now pick an arbitrary x ∈ X. Then we know form Example 2.4 that X is not C 2 -tight at x. But X is a subspace of Z(X, Y ) and so this fact is clearly preserved in Z(X, Y ).
Although the following example does not demonstrate that one of our implications in the diagram cannot be reversed, it solves a natural problem and is therefore included. Example 2.8. A space which is both C 2 -tight and ωN-tight but not ωD-tight.
Let A be a closed and nowhere dense copy of Q in Q. (Take, for instance, Q × {0} in Q 2 .) Observe that the closure of A in βQ is βA. Let p be a remote point of A which we think of as a point of βQ, and let X = Q ∪ {p} taken as a subspace of βQ. We claim that X is the space we are looking for. First, it is trivial that X is not ωD-tight because its subspace A ∪ {p} is homeomorphic to the space constructed in Example 2.3 which is not ωD-tight. It is also obvious that X is C 2 -tight. To see that that X is also ωN-tight, we only have to check this property at p.
So, assume that B is a subset of Q such that p ∈ CL βQ B. If p is in the closure of A ∩ B, then we are done. If not, then p ∈ CL βQ (B \ A), hence we may assume without loss of generality that A ∩ B = ∅. We let B denote the closure of B in Q. Then for every closed neighborhood U of p in βQ we have p ∈ CL βQ (U ∩ A) ∩ CL βQ B, consequently U ∩ A ∩ B = ∅ because disjoint closed sets in Q have disjoint closures in βQ. But this means that p ∈ CL βQ (A ∩ B). Clearly, B ⊆ Q \ A implies that A ∩ B is a nowhere dense subset of B. It is standard to show then that there is a (countable) discrete subset D of B such that A ∩ B ⊆ D. But then p ∈ CL βQ D and D ⊆ B is, of course, countable and nowhere dense in X. Example 2.9. An hL-tight space which is not σ-cmpt-tight.
Let X be an L-space which is left-separated in type ω 1 and has weight ω 1 . Clearly, the existence of any L-space (see e.g. Moore [12] ) implies the existence of such a space X. We can also assume that X is nowhere separable, i.e. countable subsets in X are nowhere dense. Indeed, just take a maximal pairwise disjoint family consisting of separable open sets and throw away its union. Of course, then X cannot be compact by not being scattered, using again [8] , hence X is not pseudocompact, either. So, X has a remote point p by the above mentioned result of Dow [5] . Let us now put Y = X ∪ {p}, considered as the subspace of βX. Then Y is clearly hL-tight and not countably tight. Hence Y is not σ-cmpt-tight either by Lemma 2.1. Example 2.10. A ccc-tight space which is not Lindelöf-tight.
For any space X we let F [X] denote its Pixley-Roy hyperspace. We recall that a subset X of R is called ω 1 -dense if every nonempty interval in R intersects it in a set of size ω 1 . In particular, then |X| = ω 1 .
Lemma 2.11. If X is an ω 1 -dense subspace of R, then F [X] is ccc and every Lindelöf subspace of F [X] is countable and nowhere dense.
Proof. That F [X] is ccc is well-known and implicit in Pixley and Roy [13] .
Suppose A ⊆ F [X] is uncountable. We claim that A has an uncountable subset that is closed and discrete in F [X]. We may assume that, for some natural number n, all members of A have cardinality n. Write each A ∈ A as A = {x Obviously, the weight of F [X] is ω 1 . Also, it is not pseudocompact. Indeed, it is of first category being crowded and σ-discrete, while pseudocompact spaces are Baire, see e.g. Engelking [7] , 3.10.23 (ii). But then F [X] has a remote point, say p. We claim that Z = F [X] ∪ {p}, as a subspace of βF [X] , is the space we are looking for. That Z is not L-tight is an immediate consequence of Lemma 2.11.
To prove that Z is ccc-tight, we first remark that because F [X] is first countable, this need only be checked at p. So assume that A ⊆ F [X] has p in its closure. Consider the closure B of A in F [X] and let C denote its interior. Then D = B \ C is nowhere dense in F [X], hence p is not in the closure of D. Consequently, p is in the closure of A ∩ C which is ccc, being dense in the open set C ⊆ F [X]. Hence we are done.
Discussion. As we mentioned in §1, we were unable to solve the following two basic problems on Lindelöf-tightness that are mentioned in the diagram: Question 2.12.
(A) Is every L-tight space hL-tight? (B) Is every L-tight space ccc-tight?
Let us repeat what we said earlier: if the answer to Question 2.12(A) is in the affirmative, then so is the answer to the Arhangel'skii-Stavrova question whether σ-compact tightness implies countable tightness.
The following problem is interesting in its own right and could be easier to tackle than Question 2.12.
Question 2.13. Is every space that is both L-tight and ccc-tight, hL-tight?
